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TORUS LOCALIZATION AND WALL CROSSING FOR
COSECTION LOCALIZED VIRTUAL CYCLES
HUAI-LIANG CHANG, YOUNG-HOON KIEM, AND JUN LI
1. Introduction
Since its introduction in 1995 by Li-Tian [26] and Behrend-Fantechi [1],
the theory of virtual fundamental classes has played a key role in algebraic
geometry, defining important invariants such as the Gromov-Witten invari-
ant and the Donaldson-Thomas invariant. Quite a few methods for handling
the virtual fundamental classes were discovered such as torus localization
([15]), degeneration ([25]), virtual pullback ([28]) and cosection localization
([18]). Often combining these methods turns out to be quite effective. The
purpose of this paper is to prove
(1) virtual pullback formula,
(2) torus localization formula and
(3) wall crossing formula
for cosection localized virtual cycles. Our results can be thought of as gener-
alizations of the corresponding results for the ordinary virtual cycles because
when the cosection is trivial, these formulas coincide with those for the or-
dinary virtual cycles. For (2), we remove a technical assumption in [15] on
the existence of an equivariant global embedding into a smooth Deligne-
Mumford stack.
A Deligne-Mumford stack X is equipped with the intrinsic normal cone
CX which is e´tale locally [CU/V /TV |U ] if U → X is e´tale and U →֒ V is an
embedding into a smooth variety where CU/V is the normal cone of U in V .
A perfect obstruction theory ([1]) gives us a vector bundle stack E together
with an embedding CX ⊂ E . The virtual fundamental class ([1, 26]) is then
defined by applying the Gysin map to the intrinsic normal cone
[X]vir = 0!E [CX ].
When there is a torus action on X with respect to which the perfect ob-
struction theory is equivariant, the virtual fundamental class is localized to
the fixed locus F = XC
∗
under suitable assumptions ([15]):
(1.1) [X]vir = ı∗
[F ]vir
e(Nvir)
∈ AC
∗
∗ X ⊗Q[t] Q[t, t
−1].
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Here ι : F → X is the inclusion and t is the generator of the equivariant
ring of C∗.
The construction of virtual fundamental class can be relativized for mor-
phisms f : X → Y to give the virtual pullback
f ! : A∗(Y )→ A∗(X)
when the intrinsic normal cone CX/Y is embedded into a vector bundle stack
E on X. When the perfect obstruction theories of X and Y are compatible
with E , the virtual pullback gives us the formula ([28])
(1.2) f ![Y ]vir = [X]vir.
A wall crossing formula ([21]) compares [M+]
vir with [M−]
vir when M+
and M− are open Deligne-Mumford substacks of the quotient [X/C∗] of a
Deligne-Mumford stack X which are simple C∗-wall crossings.
The cosection localization says that when there is an open U ⊂ X and a
surjective σ : E|U → CU , we can define a cosection localized virtual funda-
mental class
[X]virloc ∈ A∗(X(σ)) where X(σ) = X − U
which satisfies usual expected properties such as deformation invariance and
ı∗[X]
vir
loc = [X]
vir ∈ A∗(X) where ı : X(σ) →֒ X.
The construction of [X]virloc in ([18]) is obtained in two steps:
• (cone reduction) the intrinsic normal cone CX has support contained
in E(σ) where E(σ) = E|X(σ) ∪ ker(E|U → CU);
• (localized Gysin map) there is a cosection localized Gysin map
0!E,loc : A∗(E(σ)) −→ A∗(X(σ))
compatible with the usual Gysin map.
Then the cosection localized virtual fundamental class is defined as
[X]virloc = 0
!
E,loc[CX ].
The cosection localized virtual fundamental class turned out to be quite
useful ([2, 5, 7, 9, 13, 14, 16, 17, 19, 20, 23, 27, 29, 30, 31]). For further
applications, it seems desirable to have cosection localized analogues for
torus localization formula, virtual pullback and wall crossing formulas. For
instance, recently there arose a tremendous interest in the Landau-Ginzburg
theory whose key invariants such as the Fan-Jarvis-Ruan-Witten invariants
are defined algebro-geometrically by cosection localized virtual cycles ([7, 8]).
The formulas proved in this paper will be useful in the theory of MSP fields
developed in [4] tod study the Gromov-Witten invariants and the Fan-Jarvis-
Ruan-Witten invariants of quintic Calabi-Yau threefolds.
In §2, we prove the cosection localized virtual pullback formulas (cf. The-
orems 2.6 and 2.9). The proofs in [28] work with necessary modifications
as long as the rational equivalences used in the proofs lie in the suitable
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substacks for localized Gysin maps. In §3, we prove the torus localization
formula for the cosection localized virtual fundamental classes (cf. Theorem
3.4). In this new proof, we do not require (1) the existence of an equivariant
global embedding of X into a smooth Deligne-Mumford stack and (2) the ex-
istence of a global resolution of the perfect obstruction theory as in [15]. The
technical condition (1) is completely gone while (2) is significantly weakened
to (2′) the existence of a global resolution of the virtual normal bundle Nvir
only on the fixed locus F . Finally, in §4, we prove a wall crossing formula
for cosection localized virtual fundamental classes. We remark that in [20],
a degeneration formula for cosection localized virtual fundamental class was
proved and it was effectively used to prove Maulik-Pandharipande’s formulas
for Gromov-Witten invariants of spin surfaces.
All schemes or Deligne-Mumford stacks in this paper are defined over the
complex number field C.
2. Virtual pullback for cosection localized virtual cycles
In this section, we show that Manolache’s virtual pullback formula ([28])
holds for cosection localized virtual cycles (cf. Theorems 2.6 and 2.9).
2.1. Virtual pullback of cosection localized virtual cycle. Let f :
X → Y be a morphism of Deligne-Mumford stacks. Let φX : EX → LX
and φY : EY → LY be (relative) perfect obstruction theories that fit into a
commutative diagram of distinguished triangles
(2.1) f∗EY
ϕ
//
f∗φY

EX //
φX

EX/Y //
φX/Y

f∗LY // LX // LX/Y //
Definition 2.1. We say f : X → Y is virtually smooth if EX/Y is perfect
of amplitude [−1, 0].
By [28, §3.2], if f is virtually smooth, then φX/Y is a perfect obstruction
theory. In the remainder of this section, we assume f : X → Y is virtually
smooth. By [1], the perfect obstruction theory φX/Y : EX/Y → LX/Y gives
us an embedding of the intrinsic normal sheaf into the vector bundle stack
h1/h0(L∨X/Y ) →֒ h
1/h0(E∨X/Y ) =: EX/Y .
Moreover the intrinsic normal cone of the morphism f is naturally embedded
into the intrinsic normal sheaf
CX/Y →֒ EX/Y .
Let ObX = h
1(E∨X) and ObY = h
1(E∨Y ) be the obstruction sheaves and
let σY : ObY → OY be a cosection. The morphism f
∗EY → EX
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morphism ObX = h
1(E∨X) → h
1(f∗E∨Y ) = f
∗h1(E∨Y ) = f
∗ObY . Hence σY
induces a cosection
σX : ObX −→ f
∗ObY −→ f
∗
OY = OX
of ObX . We call σX the cosection induced from σY .
Definition 2.2. We denote by X(σ) = σ−1X (0) and Y (σ) = σ
−1
Y (0) the
vanishing loci of the cosections σX and σY respectively.
Here σ−1X (0) is the subvariety defined by the image (ideal) of σX .
Lemma 2.3. If f is virtually smooth, X(σ) = f−1(Y (σ)) = Y (σ) ×Y X.
Proof. From the distinguished triangle E∨X/Y → E
∨
X → f
∗E∨Y
+1
−→ , we obtain
an exact sequence
· · · −→ ObX −→ f
∗ObY −→ h
2(E∨X/Y ) = 0
where the identity holds because EX/Y is perfect of amplitude [−1, 0]. Since
ObX → f
∗ObY is surjective,
σX : ObX ։ f
∗ObY
f∗σY−→ OX
is zero if and only if f∗σY is zero. This proves the lemma. 
By Lemma 2.3, we have a Cartesian square
(2.2) X(σ)
ı′

fσ
// Y (σ)
ı

X
f
// Y
where the vertical arrows are inclusion maps.
We recall Manolache’s virtual pullback.
Definition 2.4. [28] Suppose we have an embedding of the intrinsic normal
cone CX/Y of f : X → Y into a vector bundle stack EX/Y . Consider a fiber
product diagram
X ′
f ′
//
p

Y ′
q

X
f
// Y.
Then the virtual pullback is defined as the composite
f ! : A∗(Y
′)→ A∗(CX′/Y ′)→ A∗(CX/Y ×X X
′)→ A∗(p
∗EX/Y )→ A∗+d(X
′),
where the first arrow is [B] 7→ [CB×Y ′X′/B ]; the second arrow is via the
inclusion CX′/Y ′ → CX/Y ×X X
′; the last arrow is the Gysin map 0!EX/Y :
A∗(p
∗EX/Y ) → A∗+d(X
′) for the vector bundle stack EX/Y . Here d is the
rank of EX/Y .
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If X is not connected, we consider each connected component separately.
Letting X ′ = X and Y ′ = Y , we get f ! : A∗(Y ) → A∗+d(X). Letting
X ′ = X(σ) and Y ′ = Y (σ), we obtain f !σ : A∗(Y (σ)) → A∗(X(σ)). By [28,
Theorem 2 (i)], these fit into a commutative diagram
(2.3) A∗(Y (σ))
f !σ
//
ı∗

A∗+d(X(σ))
ı′∗

A∗(Y )
f !
// A∗+d(X)
For the virtual pullback formula, we need the following analogue of [28,
Lemma 4.7].
Lemma 2.5. Let f : X → Y be a morphism of Deligne-Mumford stacks
and N be a vector bundle stack on X such that CX/Y ⊂ N . Let E be a
vector bundle stack on Y with the zero section 0E : Y → E. Let U ⊂ Y be
open and σ : E|U → CU be a surjective map of vector bundle stacks. Let
Y (σ) = Y − U ; X(σ) = X ×Y Y (σ) and fσ : X(σ) → Y (σ) the induced
morphism. Let E(σ) = E|Y (σ) ∪ ker(σ). Then (CX/E)red ⊂ f
∗E ⊕ N where
CX/E denotes the normal cone of the morphism 0E ◦ f : X → Y → E.
Moreover for each irreducible B ⊂ E(σ),
f !σ0
!
E,loc[B] = 0
!
f∗E⊕N ,loc[CX×EB/B ] in A∗(X(σ))
where 0!E,loc and 0
!
f∗E⊕N ,loc denote the localized Gysin maps with respect to
the cosections σ : E|U → CU and (f∗σ, 0) : f∗E ⊕ N|f−1(U) → Cf−1(U)
respectively.
Proof. The inclusion CX/E ⊂ f
∗E ⊕N = f∗E ×XN follows from the identity
CX/E = f
∗E ×X CX/Y proved in [28, Example 2.37]. We prove the last
statement. If B ⊂ E|Y (σ), the localized Gysin maps are the ordinary Gysin
maps and hence the lemma follows from [28, Lemma 4.7]. So we may suppose
B * E|Y (σ). Further, by shrinking Y if necessary, we can assume that Y is
integral and B → Y is dominant.
By [18, §2], we can choose a projective variety Z, a generic finite and
proper morphism ρ : Z → Y , a Cartier divisor D on Z such that D is a
linear combination of integral Cartier divisors; D fits into the commutative
diagram
Z
ρ
// Y
D
?
OO
ρσ
// Y (σ)
?
OO
and ρ∗σ extends to a surjective map σ˜ : ρ∗E → OZ(D), where by abuse of
notation we think of OZ(D) as the total space of the line bundle OZ(D).
Let E˜ = ker(σ˜), which is a bundle stack, and choose an integral B˜ ⊂ E˜ such
that ρ˜∗[B˜] = k[B] for some k > 0, where ρ˜ : E˜ → E(σ) is the composition
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E˜ ⊂ ρ∗E → E of the inclusion with the first projection ρ∗E = E ×Y Z. Then
by the definition in [18, §2],
0!E,loc[B] =
1
k
ρσ∗(0
!
E˜
[B˜] ·D),
where ·D denotes the refined intersection for the inclusion D ⊂ Z defined
in [12, Chapter 6].
We further simplify the situation as follows. Because E˜ is a bundle stack,
there are integral Zi ⊂ Z and rational ci so that [B˜] =
∑
ci[E˜ |Zi ] ∈ A∗E˜ .
Because rational equivalence in E˜ induces a rational equivalence in E(σ), to
prove the theorem, we only need to consider the case where B˜ = E˜ . Thus
the above identity becomes 0!E,loc[B] =
1
kρσ∗[D].
Consider the Cartesian diagrams
D
ρσ
// Y (σ)
⊂
// Y
D′
f ′σ
OO
ρ′σ
// X(σ)
fσ
OO
⊂
// X.
f
OO
Since virtual pullbacks commute with pushforwards (cf. [28, Theorem 4.1
(i)]), we have
f !σ0
!
E,loc[B] =
1
k
f !σρσ∗[D] =
1
k
ρ′σ∗f
′
σ
!
[D] =
1
k
ρ′σ∗0
!
N|D′
[CD′/D].
Consider the commutative diagram
Z ′
f ′
//
ρ′

Z
0
//
ρ

E˜
ρ˜

B˜
X
f
// Y
0
// E(σ) Boo
where Z ′ := X ×Y Z. Let
ρ˜f : f ′
∗
E˜ → f∗E(σ)
denote the pullback of ρ˜. Since ρ˜∗[E˜ ] = k[B], we have
ρ˜f∗ [CX×E E˜/E˜ ] = k[CX×EB/B ].
By the definition of the localized Gysin map [18, §2], we have
0!f∗E⊕N ,loc[CX×EB/B ] =
1
k
ρ′σ∗
(
0!
f ′∗E˜⊕ρ′∗N
[CX×E E˜/E˜ ] ·D
′
)
.
Here by ·D′ we mean the intersection with D ⊂ Z via the Cartesian square
D′ −−−−→ Z ′y
yf ′
D −−−−→ Z
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Since X ×E E˜ = Z
′, by [28, Example 2.37]
CX×E E˜/E˜
= CZ′/E˜ = CZ′/Z ×Z′ f
′∗E˜ .
We thus have
0!f∗E⊕N ,loc[CX×EB/B ] =
1
k
ρ′σ∗
(
0!N [CZ′/Z ] ·D
′
)
=
1
k
ρ′σ∗0
!
N|D′
(
[CZ′/Z ] ·D
′
)
by the commutativity of Gysin maps.
Let L = OZ(D) and let L
′ = f ′∗L. We now prove that
[CD′/D] = [CZ′/Z ] ·D
′.
Indeed, by Vistoli’s rational equivalence [32] and [28, Example 2.37], and
using CD/Z ∼= L|D, we have
[CZ′/Z ] ·D
′ = 0!L′ [CD′/CZ′/Z ] = 0
!
L′ [CD′/Z ] = 0
!
L′ [CD′/CD/Z ]
= 0!L′ [CD′/D ×D′ L
′|D′ ] = [CD′/D].
Therefore, we have
0!f∗E⊕N ,loc[CX×EB/B ] =
1
k
ρ′σ∗0
!
N|D′
[CD′/D].
This proves the desired equality f !σ0
!
E,loc[B] = 0
!
f∗E⊕N ,loc[CX×EB/B ]. 
The following is a cosection localized analogue of [28, Corollary 4.9].
Theorem 2.6. Let f : X → Y be a virtually smooth morphism of Deligne-
Mumford stacks, and let σ : ObY → OY be a cosection. Then
f !σ[Y ]
vir
loc = [X]
vir
loc.
Proof. The proofs of Theorem 4 (functoriality) and Corollary 4 in [28] work
with necessary modifications. The reader is invited to go through the proofs
in [28] with the proof of deformation invariance [18, Theorem 5.2] for cosec-
tion localized virtual cycles in mind.
With Lemma 2.5 at hand, one will find that the only thing to be checked
is the inclusion of the support
(2.4) SuppCX×P1/M0Y
⊂ ker
[
h1/h0(c(u)∨) −→ q∗OP1(−1)
]
where M0Y is the deformation space from the reduced point {pt} to the
intrinsic normal cone CY and c(u) is the cone of the morphism
u = (x0·id, x1·ϕ) : p
∗f∗EY⊗q
∗
OP1(−1) −→ p
∗f∗EY⊕p
∗EX in D(X×P
1).
Here x0, x1 are the homogeneous coordinates of P1; p, q are projections from
X ×P1 to X and P1 respectively; ϕ : f∗EY → EX is the morphism in (2.1).
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The morphism h1/h0(c(u)∨) −→ q∗OP1(−1) comes from the commutative
diagram
h1/h0(c(u)∨) //

p∗f∗h1/h0(E∨Y )⊕ p
∗h1/h0(E∨X)
//

p∗f∗h1/h0(E∨Y )⊗ q
∗
OP1(1)

q∗OP1(−1) // q
∗
OP1 ⊕ q
∗
OP1
// q∗OP1(1)
where the middle and right vertical arrows come from the cosection σ.
By the double deformation space construction,
CX×P1/M0Y
×P1 (P
1 − {(0 : 1)}) = CX × (P
1 − {(0 : 1)}).
By the cone reduction ([18, §4]), we have the inclusion of the support
SuppCX ⊂ ker
[
h1/h0(E∨X)→ OX
]
.
Hence (2.4) holds over P1 − {(0 : 1)}.
Let D = CX×P1/M0Y
×P1 (P
1 − {(1 : 0)}) be open in CX×P1/M0Y
containing
the fiber over (0 : 1). By diagram chase,
h1/h0(c(u)∨)|{(0:1)} ∼= f
∗h1/h0(E∨Y )×X h
1/h0(E∨X/Y )
and the homomorphism in (2.4) over the point (0 : 1) is
(f∗σ, 0) : f∗h1/h0(E∨Y )×X h
1/h0(E∨X/Y ) −→ OX .
Therefore the theorem follows if we show that irreducible components A of
D lying over X × {(0 : 1)} have support contained in
(2.5) ker
(
f∗h1/h0(E∨Y )
f∗σ
−→OX
)
×X h
1/h0(E∨X/Y ).
Let A be an irreducible component of D lying over X × {(0 : 1)} and
let a be a general closed point in A. We claim that a is contained in (2.5).
Since the problem is local, we may assume X, Y are affine, equipped with
embeddings X ⊂ V , Y ⊂ W into smooth affine varieties that fit into a
commutative diagram
X 

//
f

V
g

γ◦g,η
// Am × An
pr1

Y 

// W
γ
// Am
such that the morphism g : V → W is a smooth, X = zero(γ ◦ g, η),
Y = zero(γ) and
EY = [O
⊕m
Y
dγ
−→ΩW |Y ], EX/Y = [O
⊕n
X
dη
−→ΩV/W |X ].
Since we have nothing to prove when σ = 0 at general points of the irre-
ducible component A, we may assume that σ is surjective.
To prove the claim, we recall the double deformation space construction
for D (cf. [22]): Let Γ be the graph of the morphism
V ×(A1t−{0})×(A
1
s−{0}) −→ A
m×An, (v, t, s) 7→ ((ts)−1γ◦g(v), t−1η(v))
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and let Γ¯ be the closure of Γ in V × A1t × A
1
s × A
m × An. Here A1t and A
1
s
denote the affine line with local coordinates t and s respectively. Then we
have
Γ¯×A1t {0}/(pr
∗
V TV |Γ¯×
A1t
{0}) = D.
Now we can prove the claim. Since D ⊂ (Γ¯ − Γ)/(pr∗V TV |Γ¯−Γ), we may
choose a smooth pointed curve (∆, 0) with local coordinate δ and a morphism
ρ : ∆ → Γ¯ such that ρ(∆ − {0}) ⊂ Γ and ρ(0) represents a ∈ A. Let
t∆ : ∆
ρ
−→ Γ¯
prt
−→A1t and s∆ : ∆
ρ
−→ Γ¯
prs
−→A1s denote the compositions of ρ
and the projections to A1t and A
1
s respectively. Let ρV : ∆ → V denote the
composition of ρ with the projection prV : Γ¯→ V and let v0 = ρV (0) ∈ X.
Then ρ(0) = (v0, 0, 0, v1, v2),
(2.6) v1 = lim
δ→0
(t∆s∆)
−1 · γ ◦ g ◦ ρV ∈ A
m, v2 = lim
δ→0
t−1∆ · η ◦ ρV ∈ A
n.
Since O⊕mY ։ ObY
σ
−→OY is surjective, by copying the proofs of Lemma 4.4
and Corollary 4.5 in [18], we find that v1 represents a point in
ker
(
f∗h1/h0(E∨Y )
f∗σ
−→OX
)
and v2 a point in h
1/h0(E∨X/Y ). Therefore a lies in (2.5). This proves the
theorem. 
2.2. Cosection localized virtual pullback. In §2.1, we considered the
virtual pullback of a cosection localized virtual fundamental class when
there is a cosection σ : ObY → OY on Y that induces a cosection ObX →
f∗ObY
σ
−→OX on X. Actually there is another way to combine virtual pull-
back with cosection localization. Consider the case when there is a cosection
σ : ObX → OX that induces a cosection σ˜ : ObX/Y → ObX → OX of the rel-
ative obstruction sheaf. In this subsection, we define the cosection localized
virtual pullback
f !σ : A∗(Y ) −→ A∗(X(σ˜))
for a virtually smooth morphism f : X → Y where X(σ˜) = σ˜−1(0) (cf.
Definition 2.8) and prove the cosection localized virtual pullback formula
(cf. Theorem 2.9).
We let f : X → Y be a virtually smooth morphism between Deligne-
Mumford stacks as before; we let σ = σX : ObX → OX be a cosection, and
form the (composite)
σ˜ = σX/Y : ObX/Y = h
1(E∨X/Y ) −→ h
1(E∨X)
σ
−→OX .
Let X(σ) = σ−1(0) and X(σ˜) = σ˜−1(0). Then by definition, we have an
inclusion
 : X(σ) →֒ X(σ˜).
We let K = h1/h0(E∨X/Y ). Then σ˜ induces a morphism K → OX which
we also denote by σ˜ by abuse of notation. As before, we denote
K(σ˜) = ker[σ˜ : K → OX ] :=K|X(σ˜) ∪ ker[σ˜|U : K|U → OU ],
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where U = X −X(σ˜) is the open where σ˜ is surjective.
Lemma 2.7. We have
SuppCX/Y ⊂ K(σ˜).
Proof. We apply the functoriality of the h1/h0 construction to (2.1) to obtain
the commutative diagram
(2.7)
CX/Y
⊂
−−−−→ h1/h0(L∨X/Y )
⊂
−−−−→ h1/h0(E∨X/Y ) = K
σ˜
−−−−→ OXy
y
y =
y
CX
⊂
−−−−→ h1/h0(L∨X)
⊂
−−−−→ h1/h0(E∨X) =: E
σ
−−−−→ OX
Like before, we have SuppCX ⊂ ker[h
1/h0(E∨X) −→ OX ] =: E(σ). Since σ˜
is induced from σ = σX , the lemma follows. 
We now define the cosection localized virtual pullback. We let Y ′ → Y be
a morphism of stacks where Y ′ has stratification by global quotients. Form
the Cartesian product
X ′
p
//
f ′

X
f

Y ′
q
// Y.
and let σˆ : p∗K → OX′ be the pullback of σ˜ : K → OX . Then the vanishing
locus of σˆ is
X ′(σ˜) := X(σ˜)×X X
′
and
p∗K(σˆ) = ker[σˆ : p∗K → OX′ ] = K(σ˜)×X X
′.
Consider the composite
ι : (CX′/Y ′)red ⊂ (CX/Y ×X X
′)red ⊂ K(σ˜)×X X
′ = p∗K(σˆ),
where the first inclusion follows from the definition of X ′, and the second
inclusion follows from Lemma 2.7.
Definition 2.8. The cosection localized virtual pullback is defined by
f !σ : A∗Y
′ ǫ−→A∗CX′/Y ′
ι∗−→A∗(p
∗K(σˆ))
0!
p∗K,loc
−→ A∗(X
′(σ˜)),
where ǫ is defined on the level of cycles by ǫ(
∑
ni[Vi]) =
∑
ni[CVi×Y ′X′/Vi ].
Note that the way that [28, Theorem 2.31] was applied to [28, Construc-
tion 3.6] can also be applied here to conclude that ǫ descends to maps be-
tween Chow groups.
We have the following virtual pullback formula.
Theorem 2.9. Let f : X → Y be a virtually smooth morphism, σ : ObX →
OX be a cosection and σ˜ : ObX/Y → ObX
σ
−→OX be the induced cosection.
Let  : X(σ)→ X(σ˜) be the inclusion of zero loci of σ and σ˜. Then we have
f !σ[Y ]
vir = ∗[X]
vir
loc ∈ A∗(X(σ˜)).
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The proof is completely parallel to that of Theorem 2.6, so we only provide
a sketch. We need the following analogue of Lemma 2.5.
Lemma 2.10. Let f : X → Y be a morphism of Deligne-Mumford stacks
and K be a vector bundle stack on X such that CX/Y ⊂ K. Let F be a
vector bundle stack on Y with the zero section 0F : Y → F . Let U ⊂ X be
open and σ˜ : K|U → CU be a surjective map of vector bundle stacks. Let
X(σ˜) = X − U . Then for each irreducible B ⊂ F ,
f !σ0
!
F [B] = 0
!
f∗F⊕K,loc[CX×FB/B ] in A∗(X(σ˜))
where 0!f∗F⊕K,loc denotes the localized Gysin map with respect to the cosec-
tion (0, σ˜) : f∗F ⊕K|f−1(U) → Cf−1(U).
Proof. We may assume that there is an irreducible B˜ ⊂ Y such that B =
F|B˜ = F ×Y B˜ and 0
!
F [B] = B˜. The left side is
f !σ0
!
F [B] = f
!
σ[B˜] = 0
!
K,loc[CB˜×YX/B˜ ] = 0
!
f∗F⊕K,loc[f
∗F ×X CB˜×YX/B˜ ].
Since B = F ×Y B˜, f
∗F ×X CB˜×YX/B˜ = CB×FX/B . Hence the lemma
follows. 
Theorem 2.9 follows from the following.
Proposition 2.11. Suppose Y ′ = h1/h0(E∨Y ) = F so that p|X′(σ˜) : X
′(σ˜)→
X(σ˜) is a bundle stack and that we have the Gysin map 0!F : A∗(X
′(σ˜)) −→
A∗(X(σ˜)). Then we have
0!Ff
!
σ[CY ] = ∗[X]
vir
loc ∈ A∗(X(σ˜)).
Proof of Theorem 2.9. By Lemma 2.10 and Proposition 2.11,
f !σ[Y ]
vir = f !σ0
!
F [CY ] = 0
!
f∗F⊕K,loc[CX×FCY /CY ] = 0
!
Ff
!
σ[CY ] = ∗[X]
vir
loc.

Proof of Proposition 2.11. The proof is almost identical to that of Theorem
2.6, so we only point out the difference. The construction of the double
deformation space and the cone c(u) is identical and we have a commutative
diagram
h1/h0(c(u)∨) //

p∗f∗h1/h0(E∨Y )⊕ p
∗h1/h0(E∨X)
//
(0,σ)

p∗f∗h1/h0(E∨Y )⊗ q
∗
OP1(1)
q∗OP1
=
// q∗OP1
where the vertical arrows are defined by σ. Again it suffices to show
(2.8) SuppCX×P1/M◦Y ⊂ ker[h
1/h0(c(u)∨)→ q∗OP1 ].
Now the proof continues exactly the same as the proof of Theorem 2.6. By
the cone reduction in [18], (2.8) holds over the open P1−{(0 : 1)}. To prove
(2.8) over the point (0 : 1), we consider a general point a in any irreducible
component A of D lying over (0 : 1) and use the local construction of the
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double deformation space. After choosing a morphism ρ from a smooth
pointed curve (∆, 0) with ρ(0) representing a, one finds that we only have
to check that v2 represents a point in
ker
(
σ˜ : h1/h0(E∨X/Y )→ h
1/h0(E∨X)
σ
−→OX
)
.
Again this follows from the arguments in the proofs of Lemma 4.4 and
Corollary 4.5 in [18]: When v2 6= 0, because limδ→0 s∆ = 0, the image v
′
2 of
v2 in h
1/h0(E∨X) under the tautological
h1/h0(E∨X/Y ) −→ h
1/h0(E∨X)
lies in CX . Using the cosection σ, we see that v
′
2 ∈ ker[h
1/h0(E∨X) → OX ].
Because σ˜ is induced by σ, we obtain (2.8). This proves the proposition. 
Remark 2.12. When f : X → Y is a morphism over a smooth Artin stack
S, sometimes it is more convenient to work with relative obstruction theories,
say with LX replaced by LX/S , LY by LY/S etc. It is straightforward to see
that all the statements and proofs in this section hold in this case.
Another useful situation is when Y is only assumed to be an Artin stack
with Y → S assumed to be Deligne-Mumford. Then Proposition 2.11 holds
in this case with obstruction theories replaced by relative (to S) obstruction
theories.
3. Torus localization for cosection localized virtual cycles
In this section, we prove the torus localization formula for cosection lo-
calized virtual cycles (Theorem 3.4). We do not assume the existence of an
equivariant global embedding or a global resolution of the perfect obstruc-
tion theory. When the cosection is trivial, our argument gives a new proof
of the torus localization theorem in [15] without these assumptions.
Let X be a Deligne-Mumford stack acted on by a torus T = C∗. Let F de-
note the T -fixed locus, i.e. locally if X = Spec(A), then F = Spec(A/〈Amv〉)
where Amv denotes the ideal generated by T -eigenfunctions with nontrivial
characters. Let
ı : F −→ X
denote the inclusion map.
Let D([X/T ]) be the derived category of sheaves of T -equivariant OX -
modules on X. It is the same as the ordinary derived category of sheaves
of OX -modules except that all sheaves are T -equivariant and all morphisms
or arrows are T -equivariant. The action of T on X gives the equivariant
cotangent complex LX ∈ D([X/T ]).
Definition 3.1. A T -equivariant perfect obstruction theory consists of an
object E ∈ D([X/T ]) and a morphism
φ : E → LX
in D([X/T ]) which is a perfect obstruction theory on X.
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If A is a T -equivariant sheaf of OF -modules on F , we let A
fix denote the
sheaf of T -fixed submodules and Amv denote the subsheaf generated by T -
eigensections with nontrivial characters. Given E ∈ D([X/T ]), E¯ := E|F
is a complex of T -equivariant sheaves on F , thus we can decompose E¯ =
E¯fix ⊕ E¯mv into the fixed and moving parts. A T -equivariant chain map
ψ : E¯ → E˜ to an E˜ ∈ D([F/T ]) preserves such decompositions to give us
ψfix : E¯fix → E˜fix and ψmv : E¯mv → E˜mv. If ψ is a quasi-isomorphism,
so are ψfix and ψmv. Therefore a T -equivariant perfect obstruction theory
φ : E → LX induces morphisms in D([F/T ])
φfix : E|fixF −→ LX |
fix
F and φ
mv : E|mvF −→ LX |
mv
F .
Lemma 3.2. Let the notation be as above. The composition φF : E|
fix
F →
LX |fixF → LF of φ
fix and the natural morphism LX |fixF → LF is a perfect
obstruction theory of F .
Proof. For any square zero extension ∆ → ∆¯ of k-schemes with ideal sheaf
J and a morphism g : ∆ → F , let ω(g) ∈ Ext1(g∗LF , J) denote the com-
position g∗LF → L∆ → J [1] of the natural morphisms g∗LF → L∆ from g
and L∆ → L∆/∆¯ → L
≥−1
∆/∆¯
= J [1] from ∆→ ∆¯. Let
φ∗Fω(g) ∈ Ext
1(g∗E|fixF , J)
be the image of ω(g) by the map Ext1(g∗LF , J)→ Ext1(g∗E|fixF , J) induced
from φF : E|
fix
F → LF . Note that Ext
1(g∗E|fixF , J) is a T -module and φ
∗
Fω(g)
is T -invariant, where T acts on ∆, ∆¯ and J trivially.
By [1, Theorem 4.5], it suffices to show the following claim: the obstruc-
tion assignment φ∗F (ω(g)) vanishes if and only if an extension g¯ : ∆¯ → F
of g exists; and if φ∗F (ω(g)) = 0, then the extensions form a torsor under
Ext0(g∗E|fixF , J).
Let h : ∆ → X be the composite of g with the inclusion F ⊂ X. Since
φ : E → LX is a perfect obstruction theory, h extends to h¯ : ∆¯ → X if and
only if 0 = φ∗Xω(h) ∈ Ext
1(h∗E, J). Because h factors through F ⊂ X and
J is an O∆-module,
Ext1(h∗E, J) = Ext1(g∗E|fixF , J)⊕ Ext
1(g∗E|mvF , J),
as T -module, and further φ∗Xω(h) is T -invariant. Since φ
∗
Xω(h)
T = φ∗Fω(g),
we see that φ∗Fω(g) = 0 if and only if h extends to h¯ : ∆¯ → X. Because
T is reductive, a standard argument shows that we can find a T -invariant
extension h¯, which necessarily factors through F ⊂ X. This proves that
φ∗Fω(g) is an obstruction class to extending g to g¯ : ∆¯→ F .
The part on the space of extensions g¯ follows by the same argument. 
We let EF := E|
fix
F and N
vir := (E|mvF )
∨. Since E is perfect, both the
fixed part EF and the moving part E|
mv
F = (N
vir)∨ of E|F are perfect. They
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fit into the following diagram of distinguished triangles:
E|F //

EF //

(Nvir)∨[1] //

LX |F // LF // LF/X //
The morphism E|F → EF induces a homomorphism
ObF = H
1(E∨F ) −→ H
1(E|∨F )
∼= H1(E∨)|F = ObX |F .
Let σ : ObX = H
1(E∨) → OX be a T -equivariant cosection. Then σ
induces a T -invariant cosection
σF : ObF −→ ObX |F −→ OX |F = OF
and we have a cosection localized virtual cycle [F ]virloc.
Definition 3.3. Suppose the virtual normal bundle Nvir admits a global
resolution [N0 → N1] by locally free sheaves N0 and N1 over F . We define
the Euler class e(Nvir) of Nvir to be
e(Nvir) = e(N0)/e(N1) ∈ A
∗(F )⊗Q Q[t, t
−1].
The goal of this section is to prove the following.
Theorem 3.4. Let X be a Deligne-Mumford stack acted on by T and let
E → LX be an equivariant perfect obstruction theory on X. Let F be the
T -fixed locus in X. Let σ : ObX → OX be a T -equivariant cosection on
X. Suppose there is a global resolution Nvir ∼= [N0 → N1], where N0 and
N1 are locally free sheaves on F (whose ranks may vary from component to
component). Then we have
[X]virloc = ı∗
[F ]virloc
e(Nvir)
∈ AT∗X ⊗Q[t] Q[t, t
−1].
Here the class [F ]virloc is defined with respect to the induced perfect obstruction
theory EF and cosection σF .
Remark 3.5. In [15], the localization formula in Theorem 3.4 was proved
for the ordinary virtual fundamental class under the following assumptions:
(1) X admits a global equivariant embedding into a smooth Y ;
(2) the perfect obstruction theory E admits an equivariant global locally
free resolution.
Both conditions are nontrivial unless X is a projective scheme. Recent de-
velopment in moduli theory and enumerative geometry utilizes a plethora of
moduli stacks for which (1) is often tedious to verify and hence it is desir-
able to give a proof without the assumption (1). Here we remove the first
assumption entirely and weaken the second assumption to
(2′) the virtual normal bundle Nvir admits a global locally free resolution
[N0 → N1] on the fixed locus F ,
COSECTION LOCALIZED VIRTUAL CYCLES 15
which is often easier to check. When σ = 0, Theorem 3.4 says that the
torus localization in [15] works without the assumption (1) and with a much
weaker (2′).
By our assumption that there is a resolution [N0 → N1] of N
vir, we find
that the normal sheaf NF/X is contained in h
1/h0(Nvir[−1]) = ker{N0 →
N1}, thus contained in N0. Hence the normal cone CF/X is contained in N0
as well. As in Definition 2.4, we define the virtual pullback
ı! : A∗(X(σ)) → A∗(F (σ))
for the inclusion ı : F → X, by
[B] 7−→ [CB×XF/B] 7−→ 0
!
N0 [CB×XF/B].
The proof of Theorem 3.4 is attained through the following two lemmas.
Lemma 3.6. Let X(σ) and F (σ) denote the vanishing loci of σ and σF
respectively. Then F (σ) = X(σ) ∩ F and ı![X]virloc = [F ]
vir
loc ∩ e(N1).
Proof. The first identity follows from Lemma 2.3. We prove the second
identity. By definitions, [X]virloc = 0
!
E,loc[CX ] and [F ]
vir
loc = 0
!
EF ,loc
[CF ], where
E = h1/h0(E∨) and EF = h
1/h0(E∨F ). By Lemma 2.5, we have
ı!0!E,loc[CX ] = 0
!
E|F⊕N0,loc
[CF ]
because [CF×ECX/CX ] = [CF/CX ] = [CF ] by Vistoli’s rational equivalence [32].
The proof of Theorem 2.6 guarantees that the rational equivalence lives in
the desired locus for the localized Gysin maps. Therefore
ı![X]virloc = ı
!0!E,loc[CX ] = 0
!
E|F⊕N0,loc
[CF ] = 0
!
EF⊕N1,loc[CF ] = [F ]
vir
loc ∩ e(N1),
because E|F = EF ⊕ [N1/N0]. 
Lemma 3.7. ı!ı∗α = α ∩ e(N0) for α ∈ A∗(F (σ)) ⊗Q Q[t, t−1].
Proof. If B is a cycle in F (σ), the normal cone of B ∩ F (σ) in B is B and
ı!ı∗B = 0
!
N0
B = B ∩ e(N0) by the definition of virtual pullback ı
!. 
Now we can prove Theorem 3.4.
Proof of Theorem 3.4. By [24, Theorem 6.3.5],
ı∗ : A
T
∗ (F (σ)) ⊗Q[t] Q[t, t
−1] −→ AT∗ (X(σ)) ⊗Q[t] Q[t, t
−1]
is an isomorphism. Thus ı∗α = [X]
vir
loc for some
α ∈ AT∗ (F (σ)) ⊗Q[t] Q[t, t
−1] = A∗(F (σ))⊗Q Q[t, t
−1].
By Lemmas 3.6 and 3.7,
[F ]virloc ∩ e(N1) = ı
![X]virloc = ı
!ı∗α = α ∩ e(N0).
Hence
α =
[F ]virloc
e(Nvir)
and [X]virloc = ı∗α = ı∗
[F ]virloc
e(Nvir)
as desired. 
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Example 3.8. Let V = Cd be a vector space with (z1, · · · , zd) be its stan-
dard coordinates. We let T = C∗ acts on V via (zi)α = (αzi). The global
differentials dzi give a trivialization of ΩV , in the form ΩV ∼= V × V
∗. Let
E = [TV
0
−→ΩV ] and σ : ΩV = V × V
∗ → OV be the tautological pairing.
Then σ−1(0) = {O} ⊂ V is the (reduced) origin O ∈ V , and under the
induced T -action on ΩV , σ is T -invariant. We observe
F = V C
∗
= {O}, E|F = [V
0
−→V ∗] = Nvir, and EF = [0→ 0].
Hence e(Nvir) = (−1)d and [F ]virloc is the zero cycle [O] consisting of one
simple point O. Then by Theorem 3.4, we have
[V ]virloc =
[F ]virloc
e(Nvir)
= (−1)d[O]
as expected from [18, Example 2.4].
In this example, if instead we consider a cosection σ′ : ΩV → OV via
dz1 7→ 1 and dzi>1 7→ 0. Since σ
′ is surjective, we obtain [V ]virloc = 0.
However,
[F ]vir
loc
e(Nvir)
= (−1)d[O] as before. Hence Theorem 3.4 does not apply.
4. Wall crossing formulas for cosection localized virtual
cycles
In this section we provide a wall crossing formula for simple C∗-wall cross-
ings. The construction and proof are rather standard (cf. [21]).
Let X be a Deligne-Mumford stack acted on by T = C∗. Let φ : E → LX
be a T -equivariant perfect obstruction theory, together with an equivariant
cosection σ : ObX = h
1(E∨)→ OX . Let
(1) F be the T -fixed locus in X;
(2) Xs be the open substack of x ∈ X so that the orbit T · x is 1-
dimensional and closed in X;
(3) Σ0± = {x ∈ X − (X
s ∪ F ) | limt→0t
±1 · x ∈ F};
(4) Σ± = Σ
0
± ∪ F ;
(5) X± = X −Σ∓ ⊂ X;
(6) M± = [X±/T ] ⊂M = [X/T ] are separated Deligne-Mumford stacks.
Recall from §3 that we have the induced cosections σF : ObF → OF . We
then define the master space of the wall crossing M± to be
M =
[
X × P1 −Σ− × {0} − Σ+ × {∞}/C
∗
]
where C∗ acts trivially on X and by λ · (a : b) = (a : λb) on P1. The action
of T on X induces an action of T on M whose fixed locus is
M+ ⊔ F ⊔M−
as is easy to check. Since C∗ acts only on the component P1, the pullback of
any sheaf on X by the projection X × P1 → X is C∗-equivariant and hence
descends to the free quotient M. By pulling back the perfect obstruction
theory φ : E → LX and descending, we obtain a morphism φ¯ : E¯ → LM.
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Lemma 4.1. The morphism φ¯ : E¯ → LM is a T -equivariant perfect obstruc-
tion theory of M. Moreover the pullback of σ descends to a T -equivariant
cosection σ¯ : ObM → OM.
Proof. This is straightforward and we omit the proof. 
The cosection σ¯ induces cosections on the fixed locus M± and F in M.
We are ready to state the main result of this section.
Theorem 4.2. Let the notation be as above. Suppose the virtual normal
bundle Nvir admits a resolution [N0 → N1] by vector bundles on F . Then
we have
[M+]
vir
loc − [M−]
vir
loc = rest=0
[F ]virloc
e(Nvir)
in AT∗ (M)⊗Q[t] Q[t, t
−1].
Proof. Applying Theorem 3.4 to the master space M, we find that
[M]virloc =
[M+]
vir
loc
−t
+
[M−]
vir
loc
t
+
[F ]virloc
e(Nvir)
since the normal bundle of M+ is trivial with weight 1 while that of M−
is trivial with weight −1 by construction. If we take rest=0, the left side
vanishes because [M]virloc ∈ A
T
∗ (M) has trivial principal part. Therefore the
residue of the right side
−[M+]
vir
loc + [M−]
vir
loc + rest=0
[F ]virloc
e(Nvir)
vanishes. This proves the theorem. 
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